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Abstract. In this paper, an explicit hierarchy of differential equa- 
tions for the r-functions defining the moduli space of curves with 
automorphisms as a subscheme of the Sato Grassmannian is ob- 
tained. The Schottky problem for Riemann surfaces with automor- 
phisms consists of characterizing those p.p. a. v. that are Jacobian 
varieties of a curve with a non-trivial automorphism. A character- 
ization in terms of hierarchies of p.d.e. for theta functions is also 
given. 



1. Introduction 

The objective of the Schottky problem is to characterize the prin- 
cipally polarized abelian varieties (p.p.a.v.) which are Jacobians of 
smooth algebraic curves. This problem was solved, in the framework 
of the theory of KP equations, by Shiota f|Shj). The analogous problem 
for Prym varieties was studied and partially solved by Shiota ( |Sh2j ) 
in terms of the BKP hierarchy. 

The Schottky problem for Pryms is also related to the characteri- 
zation of Jacobians of algebraic curves which admit a non-trivial in- 
volution. The moduli space of curves with non-trivial automorphisms 
was studied in the previous paper ( |GMPp . and the points of the Sato 
Grassmannian defined by those curves were characterized. Moreover, 
an explicit set of algebraic equations defining the moduli space of curves 
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with automorphisms as a subscheme of the Sato Grassmannian were 
obtained. 

In §3 of the present paper, these equations are given as an exphcit 
hierarchy of differential equations for the r-functions (Theorems 13.141 
and I3.15|) . The first non-trivial equations are studied in detail and 
related to the KP and KdV hierarchies. 

These results do not solve the Schottky problem for Riemann surfaces 
with automorphisms. For solving this problem one must characterize 
the conditions that a theta function of a p. p. a. v. should satisfy in 
order to be a jacobian theta function of a curve with a non-trivial 
automorphism. Such a characterization is obtained in this paper, as 
follows. 

Let be an irreducible p.p. a. v. of dimension g. For a natural 
number r, the r-th Baker- Akhiezer functions are defined from the theta 
function of Xq and some auxiliary data; namely, an r-tuple of g x oo- 
matrices {A^-^\ . . . , A^'''^) of rank g and r symmetric quadratic forms 
Q^^\ . . . , Q'-'"-' (see subsection l4.Bl for precise definitions). 

Theorem (Characterization). Let Xq be an irreducible p. p. a. v. of 
dimension g > 1. 

Then the following conditions are equivalent. 

(1) There exists a projective irreducible smooth genus g curve C 
with a non-trivial automorphism ac '■ C ^ C such that Xq is 
isomorphic as a p.p. a. v. to the Jacobian of C. 

(2) There exist a prime number p, p matrices A^^\...,A^p^ (A^^^ 
being a g x oo-matrix of rank g) and p symmetric quadratic 
forms Q^^\ . . . , Q^'^\ such that 

a) for some C,o G the corresponding BA-functions satisfy 
the (1, 1)-KP hierarchy 

(^E^''^""''"^So(^'^X5o(^'^)) = , and 

b) there exists G O (depending on ^o) such that 
Res (|xj^-'--'-^i^t^,,(^,^*(t))<|](z,.)j dz = 

where a*{t) := (t^^), t^, t^^), . . . , ^(p-i)). 

This theorem can be understood as a translation into equations of 
the characterization theorems of §5, where they are stated in terms of 
orbits of finite dimension as in the approach of Mulase (|Mj) and Shiota 
( |Shj ) . The idea of our proof is similar to the first part of the paper of 
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Shiota; in fact, our main ingredient is a generalization of Theorem 6 of 
Shiota to the case of the (1, . r., 1)-KP hierarchy (see Theorem 16 .21) . 

Standard arguments allow us to reinterpret the above identities as 
a hierarchy of PDE for the associated tau functions. The final step 
of our program should consist of proving that the "first" non-trivial 
equations of the hierarchy suffice to characterize the theta functions of 
Riemann surfaces with non-trivial automorphisms. This problem has 
an analytical counterpart which is the analogue of Shiota's proof of 
Novikov conjecture. We hope to study it in a future paper. 

2. Preliminary results 

2. A. Formal group schemes. We establish the notation and recall 
some of the results proved in the papers |MP2j and [(jMPj that will be 
used in subsequent sections. 

In what follows, V will denote a finite C((z))-algebra endowed with 
an action of the group Z/pZ, where p is a prime number, such that its 
fixed subset V'^Ip'^ is equal to C((z)). Let a denote a (fixed) generator 
of this subgroup of Autc((2)) V . 

Since is a finite C((z))-algebra, there are canonical maps given by 
the trace and the norm 

Tr: \/ — > C((z)) 
Nm: V — ^ C((2)) 

which map an element g iivV the trace (respectively norm) of the 
homothety of V defined by g (as a C((z))-vector space). 

Throughout the paper, we will consider only the following two cases. 

(a) RamiGed case: V = Vn = C((zi)), where the C((2;))-algebra 
structure is given by mapping z to and a is given by (y{zi) = 
LJZi, where is a primitive p-th root of 1 in C. In this case we 
set = C[[zi]] and = z^^C[z^^]. 

(b) Non-ramified case: V = Vnr = C((zi))x- ■ -xC^^Zpj), where the 
C((2;))-algebra structure is given by mapping 2; to {zi, . . . , Zp) 
and a is given by cr{zi) = Zi^i (for i < p) and cr(zp) = Zi. 
In this case we set V^-^ = C[[zi]] x • ■ ■ x C[[2p]] and = 
z^'C[z^'] X . . . X z;'C[z;']. 

Example 2.1. Let C be a projective irreducible smooth curve with an 
order p automorphism, denoted by ac '■ C —>■ C . 

If 71 : C C := C/ <ac> denotes the quotient map and p & C is 
a smooth point, then the O-^ p-algebra C'c',7r-i{p) is isomorphic to one of 
the above types. 
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The formal base curve is C := Spf C[[2;]] and the formal spectral cover 
is Cy '■= Spf V^"^. Let Ty be the formal group scheme representing the 
functor 

{category of formal C-schemes} {category of groups} 

S ^ {V^cH%S,Os))l 

where the subscript denotes the connected component of the identity 
and the superscript * denotes the invertible elements. Replacing V by 
(respectively by 1 + V~) we define the subgroup f ^ (respectively 
Ty) and thus obtain the decomposition 

The formal Jacobian of the formal spectral cover is the formal group 

scheme J'{Cv) := Ty. A straightforward calculation shows that J'{Cv) 
is the formal spectrum of the ring 

o{j{Cv)) = c{{t^^\t^;\...}}®...®c{{t^;\tp,...}} 

where tp'' are indeterminates, C{{ti,t2, ■ ■ ■}} denotes the inverse limit 
limC[[ti, . . . ,tn]], and r = 1 for the ramified case (in which case the 
superscript (1) is dropped) and r = p foi the non-ramified one. 

Replacing V, and by C{{z)), C[[z]] and 2~"'"C[2;~"^] respec- 
tively in the previous constructions, one obtains formal schemes F, F"*" 
and J{C) := F~. It is straightforward that the canonical morphism 
C((z)) ^ V gives rise to F ^> Fy and that the trace and the norm 
yield corresponding morphisms Fy ^ F. 

Recall that the Abel map (pv '■ Cy — ^ J{Cv) is the morphism 
corresponding to the Cy-valued point of Fy associated to the r-tuple 
of series 

where Cy — Spf (C[[^i]] x • ■ ■ x C[[^r]]), with r = 1 in the ramified 
case and r = p in the non ramified one. 

Proposition 2.3. The Albanese variety of Cy is the pair {J^{Cv), 0y)- 

Proof. This statement is proved in |MPj for the case V = C{{z)). The 
present case follows from that result and from the fact that the Al- 
banese variety of a disjoint union is the product of the corresponding 
Albanese varieties. □ 
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The natural morphism Cy — > C induces two group homomor- 
phisms; namely, the pull-back 

and the Albanese 

JiCv) J{C) . 

The Albanese map coincides with the restriction of the Nm to J{Cv)'i 
it will also be denoted by Nm. 

Observe that the automorphism a oiV gives rise to automorphisms 
of Vv and J{Cy) (also denoted by a) such that Vy = C{{z)) and 
J^{Cvy = J(C). In particular, it follows that Tr (respectively Nm) 
maps an element (? G Fy to Yl\Zl cr*(5') (respectively ^1^=0 ^^id))- 

2.B. Infinite Grassmannians. Recall that the infinite Grassman- 
nian Gr(V) of the pair (V, V'^) is a C-scheme, which is not of finite 
type, whose set of rational points is 

subspaces U C V such that U — > V/V^ 
has finite dimensional kernel and cokernel 

This scheme is equipped with the determinant bundle, Dety, which is 
the determinant of the complex of OGr(v') -modules 

C V/V+^cOcriV), 

where C is the universal submodule of Gt{V) and the morphism is the 
natural projection. The connected components of the Grassmannian 
are indexed by the Euler-Poincare characteristic of the complex. The 
connected component of index m will be denoted by Gt"^{V). 

The group Ty acts by homotheties on V, and this action gives rise 
to a natural action on GriV) 

Tv X Gt{V) — > Gt{V) . 

Furthermore, this action preserves the determinant bundle. 

These facts allow us to introduce r-functions and Baker-Akhiezer 
functions of points of Gr(V^). Let us recall the definition and some 
properties of these functions ( |MP2j . §3). 

The determinant of the morphism £ — > V/V^^cOcriv) gives rise to 
a canonical global section 

Q+ G H\GT\V),Det*y) . 

In order to extend this section to Gr(V") (in a non-trivial way), we fix 
elements Vm G for m > such that dimV^ /vmV^ = m. Setting 
■= t,~i for m > 0, we define n+{U) := fi+(f^^f/) for U G Gr'"(V^). 
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Now, the r-function and BA functions will be introduced follow- 
ing |MP2j . The r-function of U, Tjjit), is a function on JiCy) and is 
introduced as a suitable trivialization of the function g ^ Qj^{gU) for 

g e J{8v), 

gou 

where 5u is a non-zero element in the fibre of Dety over U . 

Let t be the set of variables {t^^\ (where t^^^ = {t[^\t^i\ . . . )) 

2 3 

and z. denote {zi, . . . , Zr). For 1 < u,v < r, let [z^] := {z^, ^5 ^5 • • • )> 
t + [z,] := . . + [z,], . . . f/„„ = U and, ifuj^v, U^, : = 

(1, . . . , 2;^, . . . , , . . . ,1) ■ U. 

The u-th Baker-Akhiezer function of a point U G GiiV) is the V- 
valued function 



i>i 1 "-^ ^ j>i 
From the decomposition V = YYi=i ^((^«)) can write 

r 



1=1 



Let Pn(^) be the Schur polynomials and dfU) = (d^u) , |5^o) , |c^^0) , • • •)• 
Using the identity exp (X]i>i ^j^t^ ) = TUujit + [zj]), we obtain 



(2.4) ^ 



ruit) 



The main property of these Baker-Akhiezer functions is that they 
can be understood as generating functions for [/ as a subspace of V, 
as we recall next. 

Theorem 2.5 (|ME2]). Let U E Gr"'{V). Then 

i>0 

where 

{(V'S^(^i),...,<'^)(z,))|z>0,l<«<r} 
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is a basis of U and Pui,uif) o,re functions in t. 
Consider the following pairing 
VxV — ^ C 
(a, b) I — > ReSz=o Tr(a, b) dz . 

Since it is non-degenerate, there is an involution of GiiV) which maps 
any point U to its orthogonal complement f/-*-. This involution sends 
the connected component Gi^{V) to Gr^~™~^(V) in the ramified case 
and to Gi~™' iy) in the non-ramified one. 

Finally, the adjoint Baker- Akhiezer functions of U are defined by 

whose components are given by 

3. Moduli of curves with an order p automorphism 

The aim of this section is to give explicit differential equations that 
characterize the tau functions coming from curves with an order p 
automorphism among the tau functions coming from curves. 

Recall from §5 of |C;MPj that M°°{p, R) (respectively M°°{p, NR)) is 
the subscheme of Gr(l^) (respectively Gr(VNR)) parametrizing (C, cxc, t^) 
where C is a curve, ac is an order p automorphism of C, x is a smooth 
point of C fixed under ac (respectively an orbit consisting of p pairwise 
distinct points) and is a formal parameter at x. 

More precisely, if A^°°(l) (respectively J^°°{p)) is the moduh space 
parameterizing (C, x, tx) where C is a curve, a; is a smooth point (re- 
spectively p pairwise distinct smooth points) and a formal parameter 
at X, then the Krichever map induces an immersion 

Kr: M^iX) ^ Gr(l/R) 

(respectively Kr : A^°°(p) ^ Gr(\4vfR)) such that 

(3.1) -M°°(p,R) = M°^{l)nGi{VKT 

(respectively A^°^(p, NR) = M^{p)nGi{y^nY) where GiiVy denotes 
the set of points in Gi{y) fixed under the action of a. 

Therefore, our task consists of writing down the hierarchies corre- 
sponding to these subschemes. 
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3. A. Hierarchies for invariant subspaces. The automorphism of 
Gy{V) induced hj a : V V wiU also be denoted by a; it preserves 
the determinant bundle. If we denote by Gr(V^)'^ the set of points in 
Gt{V) fixed under the action of a, then it is known that Gr(V")°" is a 
closed subscheme. 

The action of a on GiiV) can be easily described in terms of the 
Baker- Akhiezer and the tau functions, as we show next. 

Let us begin by studying the ramified case. We denote 

At = (Ati, XH2, . . . , XHj, . . .) for any A G C 

and 
Then 

(up to a constant) and 

(3.2) i^aiu){zut) = iJu{uj-'zi,u;-H) = a'' {i,u{zi,a*{t))) 

where the expression on the r.h.s. corresponds to the action of a on V; 
that is, since ipu{zi,t) is V^- valued, a acts on zi and acts trivially on t. 

It is also known that a point U G Gt{V) lies in Gr(V^)°" if and only if 
its BA functions satisfy the following identities f |,MP2] . Theorem 3.15). 

(3.3) Res,=oT^T^ (^-^i'aiu){zi,t)i!lj{zi,s)^ ~J ^ ^ 

Then, one has the following 

Theorem 3.4 (ramified case). Let = Vr and let U he a closed point 
of Gi{V). 

Then U is a point of GiiVy if and only its r-function tu satisfies 
the following differential equations 
(3.5) 

(^L>Ai,Qi(-4)P/3i(4)^A2,a2(^s)P/32(-4)) Tu{x)Tuis) = 

/3i+/32— ai-a2=l 
ai-^i=j (mod p) 

for all Young diagrams Ai, A2 and all integers j G {0, . . . ,p — l} , where 
the definition of Dx^a is 



DxAdy){f{y)) ■■= E x,{dy){f{y))\y.o 

A-^=(a) 
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Proof. Let U he a. closed point of Gr(V"). The residue condition given 
by ()3.3j) is equivalent to the vanishing of the constant term of 



P 1 . . ^ 1 ■_ _ 

^——i^a{U){^^zi,t)i;u{uj^zi,s) = '^——i/ju{(^^'^zi,uj''^t)tl;u{uj^zi,s) 

Using ()2.4p and ()2.6|) this coefficient turns out to be 



l^i(/32+/3i-ai-Q2-l)+Qi-/3i. 

j=l /3i4-/32-ai-a2=l 

Since this coefficient must vanish for each p-th rooth uj^ of 1 (note 
that the case a;° = 1 is precisely the KP-hierarchy, see |MPj ) . we obtain 
the equivalent conditions 

XI PaA-^^^'t)PPiid^~H)Tu{^'^t)pa^{s)pp.,{-ds)Tu{s) = 

/3i+/32— ai-a2=l 
ai-/3i=j (modp) 

for all j in {0, . . . ,p — 1} and all t and s. 

Equivalently (substituting uj~^t by x), we obtain 

(3.6) X Pa^{-x)pf3,{d^)Tu{x)pa2{s)p(i2{-ds)Tu{s) = 

/3i+/32— ai-a2=l 
ai—f3i=j (mod p) 

for all values of x and s, and for all j in {0, . . . ,p — 1}. 

Since the vanishing of a function /(x, s) (such as the left hand side 
of ()3.6|) ) for all values of x and s is equivalent to the vanishing of 
X\i{dx)x\20s) f {x, s)i^^g^^o for all Young diagrams Ai and A2, a calcu- 
lation shows that ()3.6p is equivalent to ()3.5|) . thus proving the theo- 
rem. □ 

Remark 3.7. We now compute the first equations in the previous state- 
ment and relate them to the KP equations. Observe that if Ej denotes 
the l.h.s. of equation \3. ^) for ?' G {0,...,p— 1}, then the KP hierarchy 
is Eq + ■ ■ ■ + Ep^i = 0. Let us make this explicit. 

The first non trivial equation in the KP hierarchy, which corresponds 
to the Young diagrams Ai = (1, 1, 1) and A2 = 0, is the celebrated KP 
equation 

r[/(0)X(2,2)(4)rt/(s)|^^, -pi(4)rt/(x)|^^o ■ X (2,1)0, )tu{s)\^^, 

+ P2{dx)Tu{x)\^^^Xii,i){ds)Tu{s)\^^^ = . 
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On the other hand, equations V3.5]) for the same Young diagrams are 
fpi(4)rt/(x)|^^^ • X(2,i)(4)rt/(s)|^^^ = 

1 T-C/(0)X(2,2)(4)r;7(s)|^^(, +P2(4)'rc/(x)|^^(,X(i,i)(4)'r(/(s)|,^o = , 
for p = 2 and 

Piid^)Tu{x)i^^^ • X(2,i)(4)tc/(s)|^^(, = 

T-C/(0)X(2,2)(4)tc/(s)|^^„ = 

,P2(4)rc7(x)|^^„X(i,i)(4)'r(/(s)|,=o = • 
for p 2 

Example 3.8. As an example we give some more equations from \3. 5]) 
for other pairs of Young diagrams. Note that the corresponding equa- 
tions in the KP hierarchy are all trivial. 

(1) Consider the Young diagrams Ai = and A2 = (1) and the 
corresponding p equations given by 

If p = 2, both equations are trivial. 

However, if p 7^ 2, two of the equations \3. ^) (the cases ai — 
/3i = (mod p) and ai — Pi = —2 (mod p) ) are equivalent to 
the following 

ru{^) ■ P2{dx)Tu{xX^,, = . 

Similarly, the consideration of Ai = (1) and X2 = in \3. 5]) 
yields trivial equations for p = 2, whereas for p ^ 2 we obtain 

Tu{0) ■ P2i-dcc)Tu{x)l^^, = . 

(2) More generally, for n > 2 and not divisible by p we obtain 

ru{0) ■p„(4)Tt/(t)|,^o = 
MO) ■Pn{-dt)Tu{t)u^, = 

when considering \3. 5)) with Xi = {n — 1) and Xj =0. 

(3) When n > 2 is not divisible by p, we obtain 

Pl{dt)Tu{t)\^^, ■ Pn+l{ds)Tu{s)\^^0 =0 

Pi{dt)Tu{t)u^o ■ Pn+ii-ds)ru{s)u^o =0 

by considering Aj = (n — 1, 1) and Xj = 0. 

(4) When n > 1 is not divisible by p, the equations become 

P2{dt)Tu{t)\,^0 ■ Pn+2{ds)Tu{s)l^^^ = 
P2{-dt)Tu{t)\,^0 ■ Pn+2{-ds)Tu{s)l^^o =0 

for Xi = {n + 1, 2) and Xj = 0. 
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Remark 3.9. Let us study the relation with the KdV hierarchy. Con- 
sider an invariant point U G Gr(V")°" (in the ramified case). If we 
impose the condition that 'C[z~'^] ■ U = U , then we obtain the p-KdV 
hierarchy. To see this, recall that the r-function of U , tjj, is (up to a 
constant) the pullback of the global section fi+ to Ty by 

Tv X {U} ^ Gr(l^) . 

Since the condition means that ■ U = U , we obtain the following 
diagram 

V' -r^ ^Gt{v) 




where 

V := {ge Jidv) I Nm(5) = l} = {exp (Y^^^^i') ^ \t^ = for i = pj 

Therefore, for the ramified case and for p = 2, it makes sense to write 
Tif = Ti/(ti,t3, . . . ) as an element of 0{V) = C{{ti,t3, . . . }} so that the 
T-function only depends on ti with i odd. The resulting hierarchy is the 
classical KdV hierarchy (see also |SWj . Proposition 5.11). 



Now we focus in the non-ramified case. Denote 
a*{t) := {t^P\t^'\t^'\...,t^P-% 
then the corresponding relations are as follows. 

= Tc;((t(P),t«,t(2),...,t(P-l))) = Tuia*it)) 

(up to a constant) and 
(3.10) 

i^u,.(U)iz.,t) = (V'iV(^l'^*W)'V'i+l,C/(^2,^*(t)),...,V'2l,^(^p,CT*(t))) = 

= a'^ ('il)u+i,u(z.,(T*{t))) 

where the action of a on the r.h.s. is the action on V^-valued functions. 

It is also known that a point U G Gr(V^) lies in Gr(V^)'^ if and only 
if its BA functions satisfy the following identities ([MP2|) 

(3.11) Res.-o-nY, '^W)'^-" <^<'--^) \d, = o 

V(i, ...,^«,...,i) (l,...,2;„,...,l)y 

for all u,v E {1, . . . ,p} where (1, . . . , . . . , 1) denotes the element of 
V with entries equal to 1 except the u-th, which is Zu- 
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In a similar manner to the ramified case but this time using (|3.1ip . 
we obtain the following result. 

Theorem 3.12 (non-ramified). Let V = Vnr O'lT'd let U be a closed 
point of Gr(V^). 

Then U is a point o/Gr(V^)°" if and only the r-functions ofU, tu^^, 
satisfy the following differential equations. 

p 

(^A,,ai(-4u+i))P/3i(4o+i))^t^(4)r;7„+i,,.+i(x)- 



j=l /3i+P2-ai-a2 



for all Young diagrams Ai, /ii, . . . , Ap, fip, where the differential operator 

- k 

D is given by 



^;.(4)(/(s)) = nx..(4o(/(i/))u„ • 

Proof. Let [/ be a closed point of GiiV). The residue condition given 
by (j3.1H) is equivalent to the vanishing of 

Res dz = 

Using ()2.4|) and ()2.6|) and denoting x = o'*{t), the coefficient of 
in the latter sum turns out to be 

p 

(3.13) Yl (-a;(^+^)p/3i (4-0+1) )rf/„+i,^.+i (x) • 

j=l Pi+02-ai-oi2 

■ Pa2{s^^^)PP2i-9sU))Tu,,{s) ■ 

Since the vanishing of the function f{x, s) one given by (j3.13p for all 
values of x and s is equivalent to the vanishing of 

n XXai-dx(-))x^tid,w)f{x, s)|^^o_,^o 

l<a,fe<p 

for all Young diagrams Ai, /ii, . . . , fip, a calculation shows that the van- 
ishing of ()3.13p is equivalent to ()3.11|) . thus proving the theorem. □ 
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3.B. Equations of the moduli space. Recalling the relation Kill 
and the Theorem 13.41 we can now write down the characterization of 
A4°^{p, R) in terms of differential equations for the r-functions. 

Theorem 3.14 (ramified case). Let V = and let U be a closed point 
of Gi'^iV). 

Then U is a point ofA4°°{p, R) if and only if its r-function Tuit) sat- 
isfies the following set of differential equations, for all Young diagrams 
Ai, A2, A3, A, and all integers j in {0,1, ... ,p — 1} . 
(1) The equations i3. 5)) ; 

(^Dx^,ai{-dx)Pf3iidx)Dx^,a2{ds)pf32{-ds)) tu{x)tu{s) = 

01+02— ot-i-a2=l 
ai-0i=j (mod p) 

(2) 

J2 {Dx,a{dt)P0{-dt))Tu{t) = O 

0—a=m 

(3) 

Y (D\^,ai {-dt)P0i idt)Dx2,a2 i-ds)P02 0s)- 

0i+02+03-ai—a2-a3=2—m 

■ Dxs^a3idu)P0A-^3)^ 'ru{x)Tu{s)Tu{t) = . 

Similarly, we can write down differential equations for A^°°(p, NR) 
for the non ramified case. In this case the non-trivial curves with 
automorphisms appear when m < 0; if —m = qp + f with < f < p, 
then Vm = zf^^ ■ zj^^ ■ zj_^-^ ■ ■ ■ ■ ■ z^, and V-rn = v~^. 

Theorem 3.15 (non ramified case). Let V = Vnr and let U be a closed 
point o/Gr™(\/). 

Then U is a point of Ai°°{p,NK) if and only if the following set 
of differential equations is satisfied by its r-functions Tu.^^{t), for all 
Young diagrams A. = {Ai, . . . , Ap}, /i. = . . . , fip}, u. = {ui, . . . , Up} 
and all integers u,v,w in {1,2, ... ,p} . 

(1) The equations of Theorem M^.l^ 
p 

X] X] [D\j,ai{-d^u+i))p0AdxU+^))D'x^.\dx)Tu^+i,,+i{x)- 

j=l 0i+02-ai~a2 

■D^,^,a2{^sU))P02i-9s(J))D'^.i^s)Tu^^{s)^ = 
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(2) 

/ 

E E (^A,,a(40))P/3(-^i0))i)l.(4)) rujt) + 
= Sju—'i—q 

V 

+ E E {Dx^A^U))pp{-^U))ffx.{^t))ru,At) = ^ 

j=f+l /3-a 

(3) 

E E (l)A,,ai(-40))P/3i(^t(.))4.(-^*)^M.,"2(-5.0))Pfe(9,0))i)'^.(-4) 

J=l /3i+/32+/33-ai-a2-"3 

Du„as (4o) )P/33 i-9cU))D'u. (-4)) T[/„, (i) rc/„, (s) r(/^„ (x) + 

p 

i=/+l /3l+/32+/33-Ol-Q!2-a3 = 

= q+Sju+Sjv+ijw — i 

Du, , as )P/33 {-d^U))D'u. (-4) ) rc/„j (t) (s) -n/^^ (x) = . 



4. r-FUNCTIONS AND THETA FUNCTIONS OF JACOBIANS 

4. A. Geometrical meaning of "formal" objects. This section aims 
at motivating the relation between r-functions and theta functions 
of Jacobians. In particular, r-functions attached to a Riemann sur- 
face with marked points will be defined following the works of Fay, 
Krichever, Shiotaand Adler-Shiota-van Moerbecke f |FllKl 15111 lASvMj ). 

Throughout this section, C will be an integral complete curve over 
C of genus g. Let Jg_i(C) denote the scheme parametrizing invertible 
sheaves of degree g — 1- For the sake of clarity, we will assume C to be 
smooth although most of the results established here hold in greater 
generality. 

We let r = 1 in the ramified case and r = p in the non-ramified case. 

Let us fix data (C, x, t^), where x = {xi, . . . ,Xr} are r pairwise dis- 
tinct points of C and is a collection of formal parameters {t^.^ , . . . ,tx^} 
giving corresponding isomorphisms t^^ ■ Oc,Xj ^[[^j]]- 
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Proposition 4.1. For each invertible sheaf L G Jg_i(C), there is a 
canonical morphism 7 : J'{Cv) Jg^iiC) such that the diagram 



c 



(j>V 



is commutative. Here (pv is the Abel map and (pi sends a point x' E C 
to L{r ■ x' — x). 

Proof. The data (C, gives rise to a canonical morphism: 

Oc dc,^ ^ v+ . 

Then we define a to be the induced morphism between the correspond- 
ing schemes. 

Because of the Albanese property given in Proposition 12.31 the com- 
position Cy — > Jg_i(C) factors through the Abel map 0y : Cy — > 
J{Cv), thus defining 7. 



Let J°Z-^{C,x) be the scheme parametrizing pairs (L, 



□ 

where L G 



Jg_i(C) and (j) : ^ Oc,x- It carries a canonical action of Ty since 
this group acts by homotheties on the trivialization of L. Summing up, 
there is an exact sequence of group schemes 







r 



V 



This sequence has also a formal counterpart 







. 



Since this last sequence splits, Ty — J{Cv) x Ty and every element 



g E Ty can be written as {g_,g+) with g_ G J'{Cy) 
9 = 9-- 9+- 



g+ G r+ and 



Proposition 4.2. Let {L,(j)) be a point in J^i{C,x). Then the Abel 
maps (py and (pL have canonical lifts to Ty and J'^^{C,x) respectively, 
and the map 7 has a lift 



V 



Jq^iiC, x) 



J{dy)—:^Jg-liC) 

compatible with those of cpy and cpi. 
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Proof. Let E{u, v) denote the prime form of C as a meromorphic func- 
tion on C X C. Then the meromorphic function has a zero at 
X = Xi and a pole at a; = x'. Moreover, if Zi is a coordinate at Xi such 
that Zi{xi) = and Zi := Zi{x'), then the expansion of this function at 
Xi is the following series. 

Therefore, the r-tuple consisting of the expansions 

'E{x,Xi) E{x,Xj 



tx 



E(x, x') ' ' E(x, x' 



corresponds to a morphism Cy —>■ Fy which lifts the Abel morphism 
(pv defined by the r-tuple (j2.2|) . 

To define the lift of (pi , it is enough to observe that if the line bundle 
L carries a formal trivialization cf) : Oc,x, then L[r ■ x' — x) is 

canonically endowed with the trivialization given by 

E(x,Xi) 



n 



E{x, x') 

Finally, the lift of 7 is defined by 

g I — > {L(g) Lg_,(j)- g) 

where Lg_ is given as follows: let Dj be a small disk around Xi such 
that Zi defines a coordinate in Di, then Lg_ consists of gluing the 

o o 

trivial bundles on C — x and on Di, . . . , by the transition functions 
. . . , {g-)r (see |SWj . Remark 6.8 and |Shj . Lemma 4). □ 

Recall that the Krichever map associated to {C,x,tx) is the mor- 
phism 

J^_,{C,x)^ GiiV) 

Then, we obtain the following 

Theorem 4.3. Let Kr denote the Krichever map associated to {C, x, tx) . 
For e J^^{C,x), let U = Kr(L, (/>) e Gr(V^). 

Then the composition 

Tv ^ J^-i{C,x) ^ Gr{V) 

coincides with the morphism /i.[7 : Fy = Fy x {U} Gr(V^) mapping 
g to g-U. 
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Proof. We have to check that (Kr o 7) ((7) = g ■ U, but this is a straight- 
forward consequence of the definition of 7. □ 

In particular, we have obtained morphisms 

TT 

As a straightforward consequence of the determinantal construction of 
the theta divisor in Jg_i(C) and of the determinant bundle on Gr(V^), 
it follows that 

Kr*Dett. ~ 7i*Oj^_,{Q) 

Remark 4.4. It is easy to check that there is a canonical isomorphism 
of formal schemes 

where Jg_i(C)^ denotes the formal completion of Jg-i{C) at the point 
L. If Au = {v eV : V ■ U C U} is the stabilizer of U, then the above 
isomorphism yields, at the level of tangent spaces, 

Ti (ry(f/)/f +) = V/iAu + V+) ^ H\C,Oc) 

since Au = tx{H^{C — x, Oc))- This is related to Mulase's characteri- 
zation of Jacobian varieties /^|M] ). 

4.B. r-function attached to a Jacobian. The relations just de- 
scribed between the determinant bundle and the theta line bundle 
induce an explicit relation between r-functions and theta functions, 
which we now study. 

Let J{C) denote the Jacobian variety of C. Choose a symplectic 
basis {ai, . . . , ag, Pi, ... , Pg} for Hi{C, Z) and let {ui, . . . , Ug} denote 
the corresponding canonical basis of holomorphic 1-forms on C; that 
is, 

/ Uj = 6ij and / Uj = Qij 

Joci J Pi 

where Vt = (fijj) is the period matrix of C. Then, as a complex torus, 
we have 

J{C) = CVZ^ + QZ^ . 

We also recall that the Riemann theta function associated to Q is 
the quasi-periodic function on (the universal cover of J{C)) given 
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by 

6{z) = exp (27rim* z + mm^Vtrn) . 

By the Riemann-Kempf Theorem, there is an identification of J{C) and 
Jg„i(C) such that the zero divisor of 9{z) corresponds to the divisor 
6 C Jg_i(C). Therefore, a point ^ G gives rise to a invertible sheaf 

Given (C, x = {xi, . . . ,Xr},tx) there is a canonical map 

H\C,nc) — > ~ <C[[zi]]dzi X ■ ■ ■ X C[[Zr]]dZr 

uj,^ (. . . , {ali^ + a!Sz, + a!iz^ + . . .)dz,, . . . ) 

which maps each uji to its local expansions at the points Xi, . . . ,Xr- 
Since we have chosen bases on both sides, for each j G {1, . . . ,r} we 
have a (? X oo matrix over C, A^^\ associated to the map H^(C, ilc) 
C[[zj]]dzj. Moreover, rankA^-'-' = g for each j G {1, . . . , r}. 

Remark 4.5. The transpose of the above map is related to the map 
induced by Proposition \4 1\ at the level of tangent spaces. 

We will now define the r-function of (C, xi, . . . ,Xr, zi, . . . , Zr,^), where 
{xi, . . . ,Xr} are r different points in C, with respective local holomor- 
phic coordinates zi, . . . ,Zr, and ^ G is a point in the universal cover 
of J(C). 

For each j G {1, . . . , r} and each natural number n, we let rjn^ denote 
the normalized meromorphic 1-form on C with a unique pole of order 
+ 1 at Xj of the form d{z~^'^~^^^) + 0(1) and such that 



^n^ = 2^7" + 0{Zj) at X 



X 



3 



We also consider the complex numbers qnm defined by the following 
identities. 

/X °° 
Vn^ ~ ~ 2 bX X = Xj . 

m=l 

If we let t be the r-tuple {t^^\ . . . , t^'^^) where each t^^^ is a family of 
variables {ti\t2 \ . . .), then we define the following quadratic form 

n,m>l n,m>l 

and the point A{t) of J{C) with values in C{{t^^\ . . . given by 

A{t) = A^^k^^^ + ... + A^'h^'^ . 
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Finally, the r-function of (C, xi, . . . ,Xr, zi, . . . , Zr,^) is defined as 
follows 

(4.6) T{^,t) := exp{Qit))e{A{t)+0 

for t = (t«,...,tW). 

It is worth pointing out that standard calculations shows that the 
r-function T{^,t) coincides with the r-function Tu{t) of the point U 
defined through the Krichever map ( |SWt IXSvMj ). 

Now, let us introduce the associated BA function for the ramified 
case (r = 1) by 

(4.7) ^P^iz,t) := exp(-}_^-)- 

i>i ^ 

and the adjoint BA function by 

(4.8) r,iz,t) ■.= eME''' 



i>l 



Z^' T{^,t) 



where t = (ti,t2, • • •) and t+[z] = {ti + z,t2 + z'^ /2, . . . ,tn + z'^/n, . . .). 

Then it follows from ID.IKMl lF] that this BA funct ion coincides with 
the BA function of U (the corresponding point under the Krichever 
map) and that the following equality holds 

dz 

(4.9) Res,=o ij^{z,t)ijl{z,s)— = 

for all t and s. 

In the non-ramified case (r = p), BA functions will be introduced 
as follows. Let u,v be two integers in {1, . . . ,p} and let Tuv denote 
the homothety of V given by the element (1, . . . , z^, . . . , z~^, . . . , 1) 
if u V, and the identity if m = f . Then it is easy to check that 
Tuv induces an automorphism of each connected component of Gr(V^) 
and that these automorphisms lift canonically to automorphisms of the 
determinant bundle, which will also be denoted by T^^. In particular, 
we have automorphisms of if°(Gr(l^), Det*). 

Recalling the bosonization isomorphism and the fact that 0{ry)* ~ 
0(Ty), we obtain isomorphisms 

T:,: OiTy) ^ OiTy) 

and we define 

r„„(e,t) := T:,(r(e,t)) 

where r(^,t) is given by ()4.6|) . Note that tu^^ coincides with T*^{tu) 
for any U G Gr(V^). 
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We will also consider the corresponding formal u—BA functions as 
follows 



(4.10) ^uA^.t) := i^^l'>{z,,t),...,ij':>{zr,t) 

where 



(4.11) ^S](^„t) := exp 



and the formal adjoint m— BA functions by 

(4.12) ru,i{z.,t) := (V'i'^(^i,t) . . . ,C?(^.,t) 

where 



(4.13) i^Z\z,.t) := exp 



^r.(e,t-N) 



Then, from |MP2j . we obtain that the BA functions satisfy the 
(1, l)-KP-hierarchy 

Res2=o TV '■ • Uz = 

\{l,...,Zu,...,l) {l,...,Zy,...,l)j 

for all M, f G {1, . . . Equivalently, in terms of r-functions we have 
p 



(4.14) E Po.A-t^')ppAh.^)^u^At) 

j=l /3i+/32-ai-a2 

Moreover, it follows from |MP2j that these hierarchies characterize 
when the BA-functions (respectively r-function) are the BA-functions 
(respectively r-function) of a point of GriV). 

5. Geometric characterization of Jacobian varieties with 

AUTOMORPHISMS IN TERMS OF SaTO GRASSMANNIAN 

In this section we characterize the points of the Sato Grassmannian 
that arise from geometric data over an algebraic curve with automor- 
phisms via the Krichever construction. We prove that these points are 
those whose orbit under the action of Fy is finite dimensional (up to 
the action of Fy). A related result has been established in |GMPj . This 
type of characterizations dates back to the approach of Mulase (jM]). 

Let us denote by Pic(C) the moduli space of rank 1 torsion free 
sheaves on C. 
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We say that (C, x, L) is maximal for a curve C, a divisor x composed 
by r pairwise distinct points Xi, . . . , in C, and L G Pic(C) when one 
of the following equivalent condition holds (see page 38 of |SWj ) 

• let {C',x',L') be another such triple, and suppose there exists 

: C ^ C a birational morphism such that il){x') = x and 
ip^L' —>■ L] then is an isomorphism. 

• The canonical map Oc End(L) is an isomorphism. 

We begin with a detailed study of the ramified case and then gener- 
alize the results to the non-ramified case. 

5. A. Ramified case. For the sake of notation, in this subsection the 
subscript R in Vr, V^, Fvj^, . . . will be omitted. 

Definition 5.1. Let Pic °°(p, R) be the contravariant functor from the 
category of C-schemes to the category of sets defined by 

S {{C,ac,x,t^,L,(f)^)} 

where 

(1) Pc '■ C —>■ S is a proper and flat morphism whose fibres are 
geometrically integral curves. 

(2) (Tc" : C — >■ C is an order p automorphism (over S). 

(3) X : S ^ C is a smooth section of pc, fixed under ac, such that 
the Cartier divisor x{s) is a smooth point of Cs ■= Pc^{s) for 
all closed points s G 5. 

(4) tx is an equivariant formal parameter along x{S); that is, an 
equivariant isomorphism of Os -modules tx'. Oc,x{s) ■ 

(5) L G Pic(C) satisfies that {Cs,x{s),L\c^) is maximal for all 
closed point s & S. 

(6) (px is a formal trivialization of L along x{S); that is, an iso- 
morphism (px ■ Lx(s) ^ Oc,x(S)- 

(7) (C, ac, X, tx, L, (px) and {C' , ac',x' , tx', L', (px') are said to be equiv- 
alent when there is an isomorphism of S -schemes C ^ C com- 
patible with all the data. 

The Krichever morphism for the functor Pic °° {p, R) is the morphism 
of functors 

Kr: Pic°°(p,R) — > GiiV) 
which sends the S"- valued point (C, ac, x, tx, L, (px) to the following sub- 
module of Vs := V§)Os 

{tx o (px) lim {pc)*L{m, ■ x) ] C Vs . 
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Theorem 5.2. The functor Pic^ {p, R) is representable by a subscheme 
Pk~(p,R) ofGiiV). 

Proof. Consider the morphism from Pic°°(p, R) to Gi(y) x GiiV) which 
sends the S'-valued point {C,ac,x,tx, L,(j)x) to the fohowing pair of 
submodules 

(^t^ (mn{pc).Oc{m-x)j , (t^ocp^) (mn{pcWm-x)j ^ G Gr(y)xGr(y) 

where pc '■ C x S C is the projection. 

From the inverse construction of the Krichever map ( [K1 ISWj ) one 
has that this map is injective and that the image is contained in the 
set Z of those pairs {A, C) in GiiV) x GiiV) such that 

OsdA , A- AC A , A-CCC , (r{A) = A . 

Let us examine the maximahty condition. For {A, C) satisfying the 
above conditions, let Ac denote the stabihzer of C 

Ac := {v G Vs such that f ■ £ C £} , 

and let {C',ac',x',tx',L',(j)^/) be the geometric data defined by the 
pair {Ac,C). Then the inclusion A C Ac gives rise to an equivariant 
morphism of S'-schemes ip : C —>■ C such that iplx') = x and ip^^^L' ~ L. 
The maximality condition says that tps is an isomorphism for every 
closed point s E S. That is, Ac is a finite ^-module such that As = 
{Ac)s for all s. Therefore we have that A = Ac- Summing up, we are 
interested on the subset Zq of Z consisting of those pairs {A, C) such 

that A = Ac- 

From the proof of Theorem 6.5 of |MPj we know that the condition 
Ac C A, and hence Zq, is closed. The Krichever construction implies 
that Zq represents Pic (p, R). Finally, p2\zo '- Zq Gt{V) is a closed 
immersion (where p2 is the projection onto the second factor), and the 
theorem is proved. □ 

Let us consider the following action of Ty on GiiVy := Gr(V") x 
X Gt{V) 

/x^ Fy X Gr{Vy — > Gt{VY 
{g,{U^,---,U,))^{gU^,...,gU,) . 
Then the morphism 

Gr(l^) ^ GiiVf 

U ^U^--={U,a{U),...,a^-\U)) 
is a Fy-equivariant closed immersion. 
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The orbit of 11^ G Gi{Vy under the action of Ty is the schematic 
image of := /i^|ryx{c/^}; it will be denoted by Tv{Ua)- Section 4 
of |GMPj implies that ry{U„)/Ty is a formal scheme whose tangent 
space is 

where 

is the map induced by jJ^j^ on the respective tangent spaces. 

Theorem 5.3 (ramified). Let U he a closed point ofGiiV). Then the 
following conditions are equivalent. 

(1) dimcT,7^(ry(f/^)/r^) < oo where V = and 

(2) there exists {C, ac, x, t^, L, 0a.) G Pic (p, R) such that its image 
by the Krichever morphism is U. 

Proof. The result follows straightforwardly from similar arguments to 
those of Theorems 4.13 and 4.15 of ^GMPj . □ 

Remark 5.4. // the conditions of the theorem hold, it follows that 
Keidfi^^ = nf~QcrM[7, with Ajj the stabilizer of U . It is then straight- 
forward to show that a similar characterization exists in terms of two 
copies ofGiiy) instead of p copies. 

Theorem 5.5. Let Pic °"(p, R) denote the subfunctor o/Pic°°(p, R) 
consisting of those data {C,ac,x,tx, L,(j)rc) such that the fibres Cs are 
smooth curves for all closed points s & S . 

Then Pic°°(p, R) is representable by an open subscheme Pic°°(p, R) 
ofPi^{p,R). 

Proof. Let C Pic°°(p, R) be the universal curve. Then Pic°°(p, R) is 
given by the open subscheme of Pic {p, R) consisting of the points s 
such that Cs is a smooth curve. 

□ 

Remark 5.6. Observe that we have a forgetful map 

PiH°°(p,R)^-A<°°(p, R) 

which sends (C, crc, x, t^, L, (p^) to (C, ac, x,tx). The fibre of (C, ac, x, t^) 
when C is a smooth curve is essentially the scheme studied in Sec- 
tion 4-A 
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5.B. Non-ramified case. Similarly to the ramified case we now con- 
sider the functor Pic (p, NR). To define it, it suffices to replace con- 
ditions (1) and (3) in Definition 15. II respectively by 

(!') pc'- C 5 is a proper and flat morphism whose fibres are 
geometrically reduced curves. 

(3') Xj : S ^ C are disjoint smooth sections of ps {i = I, ... ,p) such 
that crc(xi) = Xi+i for z < p and ac{xp) = xi. Also, for every 
closed point s E S and each irreducible component of Cg, there 
is at least one i such that Xi{s) lies on that component. 

We also take V, V~^, Ty, ... to be Vnr, V^, Ty^^, ... in this case. 

With arguments similar to those in the previous section, we can prove 
the following results. 

Theorem 5.7. The functor Pic°°(p, NR) is representable by a sub- 
scheme Pic (p, NR) o/Gr(V^). 

The subfunctor Pic °°(p, NR) of Pic (p, NR) consisting of those data 
{C,ac,x,tx, L,(j)x) such that the fibres Cg are smooth curves for all 
closed points s & S is representable by an open subscheme Pic°°(p, NR) 
o/Pi^°°(p,NR). 

Theorem 5.8 (non-ramified). Let U be a closed point ofGiiV). Then 
the following conditions are equivalent. 

(1) dimcT,7^(rv/(f/„)/r^) < oo where V = Vnr, 

(2) there exists {C,ac,x,tx, L,(l)x) G Pic (p, NR) such that its im- 
age by the Krichever morphism is U . 

Remark 5.9. Analogously to the ramified case, it follows that there is 
a similar statement in terms of two copies ofGiiV) instead ofp copies. 

6. Characterization of Jacobian theta functions of 
riemann surfaces with non-trivial automorphisms 

In this section we give the conditions that a theta function of a 
p.p.a.v. should satisfy in order to be the theta function of the Jacobian 
of a smooth irreducible projective curve. 

We begin with the proof of a generalization of the known theorems 
of Mulase (jM]) and Shiota ( |Shj ) in terms of the Sato Grassmannian. 

We will use the following notation. 

Let G be a point in the Siegel upper half space such that 
the principally polarized abelian variety := C^/(Z^ + f2Z^) is ir- 
reducible. Let 9{z) = 9{z, fl) denote the Riemann theta function of 
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Let r be a natural number, let A^^'^ = {a''^\ a^^\ ■ ■ ■ ) e be 
a g X oo-matrix of rank g for each j G {l,...,r}, let Q^^\t^^^) = 
YlTk=i^ik^i'^^k^^ with qli^ G C, be a quadratic form for each j in 
{1, . . . , r}, and let ^ be in O. 

Definition 6.1. The r-function and BA-functions associated to the 
data {Xn, n, {A^^\ A'-'^, {Q^^\ Q^}, are given formally by 
formulae (|^.61 j and l{4.1(Jj) - l{4.1!^ . 

The T-function will be denoted by r(^,t) while the BA-function (re- 
spectively adjoint BA-function) will be denoted by 'ipu,i{z.,t) (respec- 
tively ipl^^i^z.^t)). 

Theorem 6.2. Let Xq be an irreducible p. p. a. v. of dimension g. 
Then the following conditions are equivalent. 

(1) There exists a triple {C,x,tx), where C is a projective irre- 
ducible smooth curve of genus g, x = {xi, . . . ,Xr) is an r-tuple 
of distinct points in C and t^ = {t^i, ■ ■ ■ ytx^) is an r-tuple of 
local parameters at the corresponding xj, such that Xq is iso- 
morphic as a p.p.a.v. to the Jacobian of C. 

(2) For each j G {1, . . . , r} there exist a g x oo-matrix of rank g, 

A^^^ = {ai\a2\---), with a^p G C^, and a quadratic form 
QU){t(^)) = EZ=i^'ikti^^k \ w^-th q^^ G C, such that for every 
^ G the corresponding r-function T{^,t) is a T-function of 
the {I, .,l)-KP-hierarchy 

Moreover, if one of the conditions is fulfilled, the matrices A'^^'^ and 
the quadratic forms Q^^^ are equal to the data associated to the triple 
{C,x,tx) in Section 4-B. 

Proof. 1. =^ 2. It follows from Section 4. 
2. ^ 1. We denote 

A{t) = j2A^''t^'^ and Q(t) = ^ E ^J^'^^' • 

j=l j=l i,k>l 

Since t{^, t) is a r-function of the (1, . T ., 1)— KP-hierarchy for every 
^ G it follows that r(^,t) defines a point G Gr{V) (with V = 
C{{z))x .r. xC{{z))) such that T(^,t) = Tu^{t) (up to a constant). 
From Theorem 3.12 in |MP2j . we have that 

= ((p,(9i)VS(zi,t)|,^„, . . . ,p,(ai)vl';^(z,,,t)|^^„) ,i> 0,1 <u<r). 

Therefore, we have obtained a morphism 

if-.C^ — > Gt{V) 
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We claim that this morphism induces an injection 
(6.3) X ^ Gt{V) . 

Indeed, given and ^2 in C^, the condition U^-^ = U^^ is equivalent to 
'^('^15 ^) = '^"('^25 1) for all t (up to a constant), which is in turn equivalent 
to 0{A{t) = 0{A(t) +^2) for all t (up to a constant), and therefore 
equivalent to ^1 — ^2 ^ + f^Z^, since B is a principal polarization on 
X. 

Now the function A can be interpreted as a surjective linear map 

and, with the identifications C°°x .r. xC^ = TiTy and T^X = C^, A 
corresponds to a surjective morphism of formal group schemes 

We claim now that the surjective morphism 

^^:r--^ r(f/5)/f+ 
9 I — > g-u^ 

factorizes by A^ : Ty X^. Observe that if s = {s^^\ . . . , s''^-') G KerA 
then 

Tu^ {t + s) = r(e, t + s) = q^{t, s) exp(Q(t)) 9{A{t) +0 = ^^(t, s) t{C, t) 

where ^^(t, s) is an exponential of a linear function in t. Generalizing 
Lemma 3.8 of |SWj to the case of Fy, there exists g E Ty (which 
depends on s) such that 

ru^{t + s) = q^{t, s) r(^,t) = Tg.u^{t) . 

Hence there is a factorization 




In particular, it follows that (iim.TijJ^(U^)/Ty is finite, and apply- 
ing the results of jMl one has that there exists data {C^,x^,t^,L^,(j)^) 
associated to under the Krichever map. 

Let us check that the piece of data (C^, x^, t^) does not depend on ^. 
Indeed, for ^, ^' e X let s G C°° x . T . xC°° be such that A{s) = ^' - i 
Then 

T^{t + s) = exp{Q{t + s))e{A{t + s) + = 

= q^it)exp{Q{t))9{A{t)+a = q('it)^'it) 
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The generalization of Lemma 3.8 of I SWj implies that there exists 
g^>{z) G V such that U^' = g^/{z)U^. From this fact it follows that 
U^r and have the same stabilizer and that, therefore, {C^,x^,t^) 
does not depend on ^. It will be denoted by {C,x,tx). 

The latter fact does have further consequences. It implies that the 
map ()6.3p takes values into Pic (C, x) (the subscheme of Gr(\^) param- 
eterizing torsion free sheaves of rank 1 on C with a formal trivialization 
along x). Furthermore, it says that the composite map 

PiH°°(C, x) — - Pk(C) 

^' I ^ I ^ Lg/ 

takes values in Pic°(C) ■ L^, the orbit of G Pic(C) under the action 
of Pic''(C). Using the surjectivity of A we can show that the induced 
map 

X — > Fic\C) ■ 

is surjective. Since {C,x,tx,L^,(j)^) is maximal (see §5), the action of 
Pic°(C) on Pic(C) is free. So Pic°(C) is a quotient of an abelian variety 
and, therefore, C is a smooth complete curve of genus at most g. 

To finish the implication 2. =^ 1., one has only to show that X — > 
Pic°(C) is an isomorphism of p.p.a.v.'s: Given (X,^) and (J(C),^) we 
consider the tau-functions tx = T(^,t) associated to X as in (jb.lj) and 
Tj = T{^,t) associated to J{C) as in ()4.6|) . By the construction of the 
data {C^,x^,t^,L^,(f)^), it follows that tx = tj (up to a constant) and 
hence 

Ox{A{t) + = exp(g(t)) Oj{Aj{t) + (up to a constant), 

where q{t) is a quadratic function. 
Therefore 

Qx = ©J (up to translation). 
In particular, the curve C is irreducible and of genus g. □ 

Remark 6.4. Considering r = 1 in the previous theorem we obtain the 
characterization of Jacobian varieties given by Shiota / |Shj . Theorem 
6). 

We will now apply this result to give a sufficient and necessary con- 
dition for a theta function of a p. p. a. v. to be the theta function of a 
curve with an automorphism of prime order p with a fixed point. 

Theorem 6.5 (ramified case). Let be an irreducible p. p. a. v. of 
dimension g. 

Then the following conditions are equivalent. 
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(1) There exists a quadruple {C,ac,x,tx), where C is a projective 
irreducible smooth curve of genus g, (Tq is an automorphism of 
order p of C , x is a fixed point of oq in C , and t^ is a local 
parameter at x, such that is isomorphic as a p. p. a. v. to the 
Jacobian of C . 

(2) There exist a g x oo-matrix A of rank g and a symmetric qua- 
dratic form Q{t) such that for each C,o in there exists in 

so that the corresponding BA-functions satisfy 

a) the KP hierarchy 

dz 

Kes^=oil)£^^{z,t)'4)l^{z,s)— = ,and 

b) the identity 

dz 

for all t and s, where u is a primitive p-th root of 1. 
Proof. 1. ^ 2. 

From the results given in Section I4.BI with r = 1, we know that given 
(C, (7(7, ta;) as in condition 1., there exist A and Q as in condition 2) 
such that its associated BA-functions ifj^^^z^t) and ^/'^^(z, s), defined 
by ()4.7|) and ()4.8p respectively, satisfy ()4.9|) for each in C^. That 
is, there exists a point U^^ G Gr(VR) such that ip^^ = ipu^g and 2. a) 
follows. 

Furthermore, the induced embedding J{C) ^ Gt{V^) (given by ()6.3|) ) 
is compatible with the actions of ac in J{C) and of a on Gr(l^); that 
is, <y{U^) = f^-jg- Having this in mind and taking into account the re- 
lation between the BA-function of U^^ and U^-^ = cr{U^o) given by ()3.2|) . 
2.b) follows. 

2. 1. 

We know by Theorem 16.21 fwith r = 1) that the first identity implies 
that there exists a triple (C, such that Xq = J{C) as p.p.a.v.'s. 

The second identity implies that U^^ = a{U^g). In particular, we 
have that = cr(A^,)) where A^ denotes the stabilizer of U^. Then 
the orbit Tv^{U^^t, a{U^g)/Ty^ is finite dimensional and, by Theorem 15. 31 
(see Remark 15. 4|) . we obtain that a induces an automorphism of A^^. 
Since A^^ = tx{H^{C — x, Cc)), because of the Krichever construction, 
the result follows. □ 

Remark 6.6. Under the hypotheses of the above Theorem, suppose 
there are and C,i in such that^Q — ^i ^ and the equations 

of the theorem are satisfied. Then there exists a line bundle L on C 
such that cr*{L) ~ L. 
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Theorem 6.7 (non-ramified). Let he an irreducible p.p.a.v. of 
dimension g. 

Then the following conditions are equivalent. 

(1) There exists a quadruple {C,(7c,x,tx), where C is a projective 
irreducible smooth curve of genus g, oc is an automorphism of 
order p of C, x = {xi, . . . , Xp} is an orbit of ac consisting of 
p different points in C , and t^ = {t^i, ■ ■ ■ ,txp} is a collection 
of local parameters t^^ at each respective Xj, such that is 
isomorphic as a p.p.a.v. to the Jacobian of C. 

(2) There exist p matrices A^^\ . . . ,A^p\ where A^^'^ is a g x oo- 
matrix of rank g, andp symmetric quadratic forms Q^^\ . . . , Q^^\ 
such that for each £ there exists G so that their BA- 
functions satisfy 

a) the (1, .r., 1)-KP hierarchy 

Res |^5^^"'""'"^2o('^'^Xco('^'^)j = ,and 

b) the identity 

Res dz = 

where a*{t) := (t^f), t(2), . . . , ^(p-i)). 
Proof 1.^2. 

Given (C, cxc, x, t^) satisfying condition 1., we construct A(t) and 
Q{t) as in Section I4.BI By Tlieorem I6.2[ for each ^ G the corre- 
sponding BA-functions satisfy 2. a). 

Similarly to the ramified case, the actions of ac in J{C) and of a on 
Gr(VNR) are compatible; that is, <j{U^) = U^^^. Taking into account 
the relation ()3.10|) between ipu,^o V'tJ.d for = '^c^io^ second 
part of 2. follows. 

2. 1. 

From 2. a) and Theorem 16.21 we know that there exists a triple 
{C,x,t^) such that Xj^ is isomorphic as a p.p.a.v. to the Jacobian 
of C. 

Now 2.b) shows that f/^^ = cr(?7gg), so the orbit ry(f/^Q, f/^J/Fy is 
finite dimensional. Theorem 15.81 (see also Remark 15. 9j) implies that a 
induces an automorphism of C satisfying the conditions of 1. □ 

Remark 6.8. Observe that if the condition 2. of Theorem \6.2\ holds for 
one ^ G , then it holds for every ^ (see |Shj . Theorem 6). Therefore, 



3(E. GOMEZ, J. M. MUNOZ, F. J. PLAZA, S. RECILLAS, AND R. E. RODRIGUEZ 

if the condition 2. of Theorem 16'. 5\ or \6/l\ holds for a given ^ C^; 
then it holds for every 

Finally, we obtain a solution of the Schottky problem for curves with 
automorphisms. 

Theorem 6.9 (Characterization). Let Xq, he an irreducible p. p. a. v. of 
dimension g > 1. 

Then the following conditions are equivalent. 

(1) There exists a projective irreducible smooth curve C of genus g 
with a non-trivial automorphism ac '■ C C such that Xq^ is 
isomorphic as a p.p. a. v. to the Jacobian of C. 

(2) There exist a prime number p, p matrices A^^\...,A^p^ (A^^^ 
being a g x oo-matrix of rank g) and p symmetric quadratic 
forms Q^^\ . . . , Q^^\ such that 

a) for some G C^, the corresponding BA-functions satisfy 
the (1, 1)-KP hierarchy 

Res (^X^^-'-"'-^So(^'^)<2(^'^)j = 

b) there exist G O (depending on C,o) such that 

Res (^^z-'^-'-i^':J:,l{z,^%m^^^^ dz = 

where a*{t) := (t^f), t«, t^^)^ _ _ _ ^ ^(p-i))^ 

Proof. Observe that any curve with non-trivial automorphism group 
admits an automorphism of prime order p with an orbit consisting of 
p pairwise distinct points. By the previous theorem, we conclude. 

□ 

Remark 6.10. Recall that standard arguments allow us to express the 
above equations as an infinite system of partial differential equations 
for the T-function. 
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